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BRILL’S EQUATIONS AS A GL(U)-MODULE 


YONGHUI GUAN 


Abstract. The Ghow variety of polynomials that decompose as a product of linear forms has 
been studied for more than 100 years. Brill, Gordon [10] and others obtained set-theoretical 
equations for the Ghow variety. In this article, I compute Brill’s equations as a GI/(E)-module. 


1. Introduction 

1.1. Motivation. There has been substantial recent interest in the equations of certain alge¬ 

braic varieties that encode natural properties of polynomials (see e.g. [3 m laia HI ETiiei). 
Such varieties are usually preserved by algebraic groups and it is a natural question to un¬ 
derstand the module structures of the spaces of equations. One variety of interest is the 
Chow variety of polynomials that decompose as a product of linear forms, which is defined 
by Chd{V) = ]P{2; e S'^V\z = wyWd for some Wi e V} c where U be a hnite-dimensional 

complex vector space and PS"^U is the projective space of homogeneous polynomials of degree 
d on the dual space V*. 

The ideal of the Chow variety of polynomials that decompose as a product of linear forms has 
been studied for over 100 years, dating back at least to Gordon and Hadamard. Let S^{S'^V) 
denote the space of homogeneous polynomials of degree S on S'^V*. The Foulkes-Howe map 
hs,d '■ S^(S‘^V) S‘^{S^V) was defined by Hermite [T3| when dim V = 2, and Hermite proved 

the map is an isomorphism in his celebrated “Hermite reciprocity”. Hadamard m dehned the 
map in general and observed that its kernel is Is{Chii{V*)), the degree 6 component of the ideal 
of the Chow variety. We do not understand this map when d> 4 (see na [niiTi i2oi[2i[3|). 

Brill and Gordon (see [3 HI IS]) wrote down set-theoretic equations for the Chow variety 
of degree d+1, called “Brill’s equations”. Brill’s equations give a geometric derivation of set- 
theoretic equations for the Chow variety, it is a natural question to understand these equations 
in terms of a GL(U)-module from a representation-theoretic perspective, where GL{V) denotes 
the General Linear Group of invertible linear maps from V to V. 

1.2. Result. The group GL{V) has an induced action on S'^V (see ^2.2p . The Chow variety 

Chd{V) is invariant under the action of GL{V), therefore the ideal of Chd{V) is a GL{V)- 
module (see ^2.2p . For any partition A, let SxV be the irreducible GL(U)-module determined 
by the partition A. For example S(^d)^ = S'^V, while is the d-th exterior power of 

U. 

Theorem 1.1. Assume dim U > 3 and d>2. The degree d + 1 equations for Chd(V) discovered 
by Brill, as a GL(V)-module, are: 

|%,3,2)^* d = 3; 

d t 3. 
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Remark 1.2. Compare the codimension of Chj_{C^) with the dimension of all the modules in 
Theorem 13.41 that define Chd{C^) set- theoretically: When d = 2, the codimension of C'/i 2 (C^) is 
1 and the dimension of S(^ 2 , 2 , 2 )^*^ is 1. When d = 3, the codimension of Ch^{C^) is 3 while the 
dimension of <S'( 7 ^ 3 ^ 2 )C'*^ is 35. In general the dominant term of the codimension of Chd{C^) is 
^ , but the dominant term of the dimension of the modules from Brill’s equations that define 
Ch(i{C^) is Therefore, the Chow variety is far from being a complete intersection. 

1.3. Overview of method. Brill’s equations (SJ [TUI [TU] are set-theoretical equations for the 

Chow variety Chd{V). The Chow variety Chd{V) is the zero set of a polynomial map : S'^V 
S(d,d)^ ® of degree d+1 (see ^2.4p . I determine Brill’s equations as a GL(B)-module to 

understand these equations and write down these equations explicitly. 

The idea is to construct the polarization (see ^2.1|) of IB, where *B : 0 

gd -dy^ then determine the image of IB, whose dual is isomorphic to the GL(B)-module 
corresponding to Brill’s equations. I call *B Brill’s map. 

Brill’s map IB is a GT(l/)-module map, the space S(^d,d)^ ® can be decomposed by 

Pieri’s rule (see e.g. 0), 

j=0 

I determine which irreducible GL(l/)-modules are in the image of Brill’s map. 

1.4. Organization. In define Brill’s equations *B following the notation in [16] in §8.6, and 

review the polarization of a polynomial map, G-variety and how to write down highest weight 
vectors of a module via raising operators. In ^ I use the polarization of Brill’s polynomial map 
IB to construct Brill’s map *B, which is a GL(1/)-module map. I write down the highest vectors 
of the modules c S(^d,d)^ ® then I compute the images of some given weight 

vectors Vj in (S'^V) under Brill’s map IB, and determine whether the projection of IB(uj) 
to the module S(^^ 2 _j,i j-^V is zero to determine the image of Brill’s map. 

1.5. Acknowledgement. I thank my advisor J.M. Landsberg for discussing all the details 
throughout this article. I thank C. Ikenmeyer for discussing the ideal of Chow variety. 

2. Preliminaries 

2.1. Polarization of a polynomial map. 

Definition 2 . 1 . Let Vi, •••, Vd be complex vector spaces, define a map tp: Vix---xVd Vi®-"®Vd 
by p{vi,---,Vd) = vi ® ■■■ ® Vd- The universal property of tensors: given a complex vector space 
W and a multi-linear map h : Vix ■■■ xV^ W, there is a unique linear map /i: Pi 0 ••• 0 ^ W, 

such that h = ho ip. 

Definition 2 . 2 . Let IT be a complex vector space, a map P :W ^ C™ is a polynomial map of 
degree k if P = (Pi,---, P^), and each Pi (i = l,---,m) is a homogenous polynomial of degree k 
on IT. 

Define the complete polarization P :W x ••• x IT ^ C™' of P to be 

p(wi,-,wk) = ^ X! 

Io[k],Ii^0 
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Where [A;] = {1, •••, k}, Wi €W and P is a symmetric multi-linear map. By the universal property 
of tensors, P is considered as a map P : ^ C™'. By the symmetry of P, P can be also seen 

as a map P : S^W C™, such that 

( 1 ) E (-i)‘-'''F(Eu,i), 

IcL[k],I=t=0 i€l 

and it can be extended linearly to the whole space. 


Example 2.3. Let dim V=2, and let { 61 , 62 } be a basis of V. Consider the polynomial map 
P :V ^ defined by 

0161 + 0262 (ai, CLi + a|). 

P is a polynomial map of degree 2, so by ([ID P : S'^V ^ is defined by 


P((ai 6 l -H 0262)(a36l -H 0462)) 


Therefore 


P{ae\ + 66162 + 662 ) 


-[P(ai 6 l -H 0262 + 0361 + 0462) 

-P(ai6i -H 0262) - P(a36i + 0462)] 

2 “3)^! (fli + 03)^ + (02 -H 04)^) 

-{al,al + al)-{al,al + al)] 

(0103,0103 + 0204). 

aP{e\) + 6 P( 6 i 62 ) + cP( 62 ) 

(o, o) -H ( 0 , 0 ) + ( 0 , c) 

(o, a + c). 


2.2. G-variety. I follow the notation in m in §4.7. 


Definition 2.4. Let VL be a complex vector space. A variety X c PW is called a G-variety if 
VL is a module for the group G and for all 5 e G and x € X, g ■ x ^ X. 

G has an induced action on S'^W* such that for any P e S’^W* and w e W, g-P{w) = P{g~^-w). 
Id{X) is a linear subspace of S'^W* that is invariant under the action of G, therefore: 
Proposition 2.5. If X c PW is a G-variety, then the ideal of X is a G-submodule of S*W* '■= 

Example 2.6. The Group GL{V) has an induced action on S'^V and S^{S^V*) similarly. The 
Chow variety Ghd{V) is invariant under the action of GL{V), therefore it is a GL(17)-variety 
and its ideals is GL(E)-submodules of S*{S<^V*) = 

Let X c PW be a G-variety, and M be an irreducible submodule of S*W*, then either 
M c I{X) or M n I(X) = 0. Thus to test if M gives equations for X, one only need to test one 
polynomial in M. 


2.3. Representation theory. I follow the notation in [ 8 ]. Let dim V = n and (ci, 62 ,•••, 6 ^} 
be a basis of V. The group GL{V) has a natural action on such that g ■ {vi 0 V 2 --- ® vp = 
g ■ vi 0 ■■■ 0 g ■ Vd- Let B c GL{V) be the subgroup of upper-triangular matrices (a Borel 
subgroup). For any partition A = (Ai,"-,A,i) with order d, there is a unique line in S\V c 
that is preserved by B, called a highest weight line. Let 0 l(E) be the Lie algebra of GL{V), 
there is an induced action of 01(E) on E®'^. For X e 0 [(E), 

X.{vi 0 V2--- 0 Vd) = X.Vl 0 V2--- 0Vd + Vl0 X.V2 0 ■■■ 0Vd + + Ul 0 V2--- 0 Vd-l 0 X.Vd. 
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Let -Ej € 0^(^) such that Ej{ej) = e* and Ej{ek) = 0 when k j. If i < j, Ej is called a raising 
operator, if i> j, £'* is called a lowering operator. 

A highest weight vector of a GL(l/)-module is a weight vector that is killed by all raising 
operators. Each realization of the module S\V has a unique highest weight line. Let VL be a 
GL(E)-module, the multiplicity of SxV in W is equal to the dimension of the highest weight 
space with respect to the partition A. 

Define the weight space VL(ai,-,an)‘- S^{S'^V) to be the set of all the weight vectors whose 
weights are Note that S'^V has a natural basis 

Example 2. ‘5(4,2)^ c S^{S^V) has multiplicity 1. 

Proof. Let u be a highest weight vector of 5'(4^2)^- The weight space kL( 42 ) has a basis 
{(e 4 )^(e 2 ), (e 4 )(eie 2 )^}. Write v - a{el)^{e 2 ) + b{el){eie 2 )^, then E^v = 0 implies (2a+ 
)^(eie 2 ) = 0, therefore a = -b, so the multiplicity of 5(4 2 )E in S^{S‘^V) is 1. □ 

2.4. Brill’s equations. Following the idea in §8.6 in |16] . I use the following notation to define 
Brill’s equations. We hrst dehne two maps TTd^d and Qd, then use them to define Brill’s equations. 


Dehne the projection map rd^d ■ ® S(^d,d)V by 

(2) (Iv-ld) ® (mv-md) ^ Y. {h ^ ^-,7(1))' {h a a m^(rf)), 

and then extend linearly to the whole space. 


Recall S*V = Define a multiplication on S*V ® S*V by, for any a,b,c,d e S*V, 

(3) {a®b) ■ {c® d) = ac®bd, 

and this extends linearly to S*V ® S*V. 

Let / e S^V and let fj, 5 -j e S^V ® S^~^V be the j-ih. polarization of /. Define maps 

Ej : S^V ^ S^V ® 

If j > (5 dehne Ej{f) = 0. 

Example 2.8. Let / = hhh ^ S^V, then 

Eiif) = /i,2-(l®l) 

= li ® I2I3 + I3 ® I1I2 + I2® hh- 

E2{f) = f2,i ■ {f ® hhh) 

= {I 1 I 2 < 8)^3 + hh ® ^2 + hh ® ^ 1 ) • (1 ® Iil2l3)- 

= I 1 I 2 ® I 1 I 2 I 3 + WI 3 ® ^ 1 ^ 2^3 + ^ 2^3 ® ^ 1 ^ 2 ^ 3 - 


E3if) = /3,0-(l®/') 

= f®f 
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The elementary symmetric and power sum function are: 

<21 

V 

Pj =Pi{Xl,-,Xy) = J^xj. 

i=l 

The power sum can be written in terms of symmetric function using Girard formula: 
(4) p,=p,(ei,..,e,)= E + 

il+2i2+---di^-k 


■ 


Example 2.9. p 2 = ^ 2 (^ 1 , € 2 ) = ef - 2 e 2 . P 3 = ^ 3 ( 61 , 62 , 63 ) = ef - 3 eie 2 + 863 . 
Next, we use Girard formula and Ej to define Qd ■ Define polynomial maps 

Qd,s ■ s^v s^v ® 
by 

(5) Qd,s(f)=Vd(Ei(f),-,Ed(f)). 

Write Qd = Qd,d- Explicitly 

Qd(f) = 

( 6 ) 


ii-\-2i2+"-^di(i=d 




7=1 


Example 2.10. Let d = 2, and / e S'^V, by (| 6 j). 

Q2(/) = /i,1-2/®/. 

Lemma 2.11. ( §8.6 [16]) Let U^V for i = 1, ■■■,(!, then 


(7) 


Qd(lv-dd) = E^f^(ir--^UU-<)- 

i=i 


Now we define Brill’s polynomial map : S^V S(^d,d)^ ® invariantly. It is the 

composition of the following two maps: 

S<^V ^ S‘^V ® S'^V ® ^ S^d,d)V ® 

where the first map sends / e S^V to / 0 Qd(f), and the second map is 7rd,d ® By 

Lemma 12.111 

^(k-ld) = 7rd,d ® Idsd2-dy[(li-ld) (li-lj.itU-^i)^ 

f=l 

= 0 . 

The converse is also true: 

Theorem 2.12. (Brill,Gordon [T0|, Gelfand-Kapranov-Zelevinsky [9], Briand [T]) Consider the 
polynomial map 


given by 

( 8 ) 


^ : S'^V ^ S^d,d)V ^ “V 


®(/) = T^d,d ® Idgd^-dvif ® Qdif)]- 
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Then^{f) = 0^[f]€Chd{V). 

Remark 2.13. There was a gap in Brill’s argument, that was repeated in [9] and finally fixed by 
E. Briand in [T]. 


3. The image of Brill’s map 

3.1. Construction of Brill’s map. First consider the polarization of Qd , where Qd : 

S^V S^V ® 


Example 3.1. Let d = 2, and f,g^ S'^V, by Q 

Q2 (/)=/i',1 -2 /®/. 

Therefore by ([T|), Q 2 ■ S‘^{S‘^V) ^ S'^V ® S'^V is defined by: 

Q2{f-g) = ^((/ + 5)i,i-2(/ + 5)®(/ + 5)-(/i,i-2/0/)-(5'i,i-2g®5')) 

= fi,igi,i-f®g-g®f. 


So by ([3]) 


(52(6162-6162) = (6162)11-2(6162)0(6162) 

= (61062 + 62061 )^- 2 ( 6162 ) 0 ( 6162 ) 

= 61 0 62 + 62 0 61. 


< 52(61 ■ 6162 ) 


(6162)1,1 • (61)1,1 - (61) 0 (6162) - (6162) 0 (61) 

(61 0 62 + 62 0 61) • (261 0 ' 61) - (61) 0 (6162) - (6162) 0 (61) 

61 0 6162 + 6162 0 61 . 


<52(6162 • 6163) 


(6162)1,1 • (6163)1,1 - (6163) 0 (6162) - (6162) 0 (6163) 

(61 0 62 + 62 0 61) • (61 0 63 + 63 0 61) - (6163) 0 (6162) - (6162) 0 (6163) 
61 0 6263 + 6263 0 61 . 


<52(6162-63) = (6162)1,1 - (63)1,1 - (63) 0 (6162) - (6162) 0 (63) 

= (61 0 62 + 62 0 61) - (263 0 63) - (63) 0 (6162) - (6162) 0 (63) 

= 26163 0 6263 + 26263 0 6163 - 6^ 0 6162 - 6162 0 6^. 

In general, Qd ■ S^{S^V) S^V 0 is used to define Brill’s map IB: 

Lemma 3.2. The polarization of Brill’s polynomial map 53 

IB : ^ S^d,d)y ® 


is 

1 

®(/l/2 ■ ■ ■ fd+l) = E ^d,d ® Idgd2-dv[fi ® Qdifl ■■■fi--- fd+l)]- 


(9) 
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Example 3.3. Consider Brill’s map :S^{S‘^V) 5'(2,2)^ ® d = 2. By Lemma [3?^ 

*B(eie 2 -6162-61) = -^ 712,2 ®Ld 52 u[ei ® <32(6162-6162)] 

O 

2 _ 

+ -772,2 ® /d52v-[6l62 ® <32(6162 ■ ej)] 


= - 712,2 ®/ds2y[6i ®(6i 0 62 +62 0 6i)] 

o 

2 

+ -772,2 ® Ids2v[eie2 ® (el 0 6162 + 6162 0 61 )] 

O 

1 2 
= ^ ®2)^ ® el ) + 3(-(6i a 62)^ 0 61] 

= 0 . 


®(ei62 ■ 6162 • 6163) 


- 712,2 <8) /d52y [6163 0 <32(6162 ■ 6162)] 

2 _ 

+ - 712,2 ® /d52y [ei62 0 <32(6l62'6163)] 

^ 712,2 ® /d52y [6163 0 (61 0 6^ + 62 0 61)] 
o 

2 

+-712,2 ® Ids2v[eie2 0 (61 0 6263 + 6263 0 61 )] 

1 2 

-[ 2 (ei A 62)(6 i a 63) 0 el )] + ^[-(61 a 62)(6i a 63) 0 61] 

0 . 


55(6162 • 6162 • 63 ) = -712,2 < 8 )/ds' 2 y [63 0 < 32(6162 - 6162 )] 

2 _ 

+ -772,2 ® /d 52 y[ 6 l 62 0 <32(6l62' 63 )] 

= -712,2 < 8 )/d52y(63 0 (61 0 62 + 62 0 61 )) 

3 

2 

+ -712,2 ® Ids2v[eie2 ® (26163 0 6263 

O 

+26263 0 6163 - 63 0 6162 - 6162 0 63 )] 

2 

= -[(ei A 63 )^ 0 62 + (62 A 63 )^ 0 61 + (61 A 62 )^ 0 63 

- 2(61 A 62 )( 6 i a 63 ) 0 6263 - 2(61 A 62)(62 A 63 ) 0 6162 
- 2(61 A 63)(62 A 63 ) 0 6162 ]. 

3.2. Brill’s map as a GL(B)-module map. Consider Brill’s map : S'^'''^(S‘^V) ->■ 0 

gd -dy^ Recall that the image of Brill’s map is isomorphic to dual of the GL(l/)-module 
generated by Brill’s equations. Therefore to prove Theorem ll.lt we only need to prove the 
following theorem: 

Theorem 3.4. Assume dim R > 3. Consider Brill’s map 

^ . s^^\s^V) ^ S^a,d)V 0 
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Then 


Im(*B) = 


|'S'( 7 , 3 , 2 )^ d - 3; 

d ^ 3. 


Brill’s map is a GL(l/)-module map, therefore by Schur’s lemma, the image of Brill’s map 
is a GL(l/)-submodule of ® . Since we do not know the general decomposition 

of it is impossible to compute the image of each isotypic component of 

directly. Fortunately, it is easy to decompose the space S(^d,d)^ ® S”’* ~‘^V by Pieri’s rule, i.e. 

( 10 ) ® = 0 

3-0 


Each isotypic component S(^ii 4 )V ® 5"^ ~‘^V is of multiplicity 1, so the image of Brill’s map is 
multiplicity free. Also, we only need to consider the modules with length no more than 3, so we 
only need to consider V to be 3-dimensional from now on. 


3.3. Weight spaces and weight vectors of '^V and Let { 61 , 62 , 63 } 

be a basis of V. 

Lemma 3.5. As a GL^-module , is 

Proof. First, since ( 6 iAe 2 )'^ e S"’*(a^C^) is a highest weight vector with weight (d, d), so c 

S"’*(a^C^). Second, dim Sd,dC^ = dim S"’*(a^C^) = ('^ 2 ^). The result follows. □ 

Definition 3.6. Given an integer j such that j e (0, d). Define the weight space 

to be the set of all the degree d - 1-1 homogenous polynomials on S'^V* such that each monomial 

has weight {df - j,d,j) ■ 

Define the weight space WjcS(^d,d)V = S^{a'^V) to be the set of all the weight 

vectors in S‘^{a‘^V) ® whose weights are {dF - j,d,j). 


Lemma 3.7. The weight space Wj(iS(^d,d)V ® '^V = S'^{a^V) ® '^V has indeed basis 

{(61 A 62)‘'^^-^-*(6i a e3)*(62 A 63)^-^ ® efeiet%<s<jfl<t<s. 




Proof. S'^(a^V) ® has a indeed basis 

{(61 A 62)'^““^"“^(61 A 63)“^ (62 A 63) 


^2 d 0-3 ^1-4 

Let V e Wj be a basis vector of S‘^{a^V) ® . Then 


} 0<ai +02 <d,0<a3+a4<d^ -d • 


( 11 ) 


ai + 02 + 04 = 0 

oi - 03 = 0. 


Let 03 = t,a3 -H 04 = s, then 0 < s < j ,0 < t < s and u = (ci a 62)'^’*'^ 1 *(ei a e^y{e2 a 63) 1 ' 


.^d?-d-s „s-t 
-1 


□ 


Lemma 3.8. The highest weight vector Vj e S(^d'^_j dj)V c S(^d,d)V = S'^{a^V) ® S'^ '^V 
is 


-ftd^-d^ 


( 12 ) 


3 s 

SS(-i) 

s=01=0 




(61 A 62) 


dF-s-j-t 


(ei A 63)*(e2 A 63)! 


-S ^ ^d^-d-S A ^s-t 


-1 


®2^3 
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= E E A a e ,)\ e , a 62® efet*- 


Proof. By Lemma 13.71 write 
j s 

El 

s=01=0 

Apply raising operators and on Vj, 
j s 


E\vj 


E E “siO “ ^ ^ \ei A e3)*'*'^(ei a 62^ 

s=0t=0 


j-s—l „ d?—d—s t s—t 
0 ei 6363 . 


J S 


—s-1 „ d?-d-s+l t-1 s—t 

^2 63 


+ ^ ^ tastiei A e2)''^^-^-‘(ei a e 3 )*(e 2 a 0 ef 

s-O t^O 
j-ls+l 

Y, E(^“s+Lt + 0’ " s)as,t-i){ei Ae2)'^’^®”-^"*(ei a e3)^(e2 a 
t=l 

^ (fi-d-s t-1 s-t 
®ei 63 63 . 


and 


E'^Vj 


] s 


Y Y A e2)‘'"^-^-'"'(ei a e3)*-'(ei a 62)^'-* 0 

5 = 0 t =0 


3 s 


+ E E(" - t)ast{ei A e 2 )""*-^-*(ei a e 3 )*(e 2 a 0 

5=0 t=0 


3 s 


= E E(^®Ai + is-t + l)as,t_i)(ei A 62)'^'"^ ^ a 63)* ^(e2 a 63)^' 

s=lt=l 

„ d?-d-s t s-t 
0 ei 6363 . 


we get two systems of equations of {ast}o<s<j,o<t<s^ 


(13) 


J tas+i,t + (j - s)as,t-i = 0 


and then solve for {ast}o<s<j,o<t<s 5 we get a unique solution = 


(-1)*(^)(J) up to scale. 


□ 


Since Brill’s map is a GL(17)-module map, we only need to check whether Vj is in the image 
of Brill’s map. 

For convenience, write 

(14) = Arf0(0 

j=0 

Where is the direct sum of the isotypic components of other than S(^d‘^_j^d,j)V for 

j = 0, l,---,d, which is certainly in the kernel of Brill’s map. 


The idea is to take Vj = {ef ^e 2 )^(ef ^ 63 ^) € Wj , compute iB(uj), and see whether the 
projection of ®(uj) to 5'(d2_j c 0 is 0. 
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Proposition 3.9. If the projection of^{vj) to c S(^(i,d)V ® is not 0, then Vj 

is in the image of Brill’s map, therefore c ~‘^V is in the image of Brill’s 

map. 

Proof. Write Vj = Vji+Vj 2 +Vj 3 , where vji e Ad, Vj 2 e 0 -^^q 5'(rf2_fc , and vjs e 5'(rf2_j 

is a highest weight vector. By Schur’s Lemma, ^{vji) = 0, ®(nj2) ^ 

^(vjs) e S(^d^_jdj)y, therefore the projection of ^{vj) to S(^d‘^_jdj)V c S(^d,d)y ® is 

exactly by Schnr’s Lemma, if it is not 0, it is vj (see Lemma [3T8|) np to a constant. □ 

3.4. Computing *B(nj). Brill’s map is very complicated to compute in general. Fortunately, 
we are able to compute *B(nj). 

^{vj) = 0((ef-ie2)"-(ef^e3^)) 

= ■^^'^d,d® Idgd^-dviiet^^3^) ® Qd{{ei~^e2y) 

+ ^vr,,, 0ld^,2_,^((ef-'e2) ®^((ef ^ 62 )''-' • (ef^eg^)) 

= ^3^) ® Qd{ef~^e2)) 

+^^d,d ® Ids,2^.y{{ei-^e2)®Wd{{et^e2)^-^ • (ef^eg^))) 


First, I compute and TTd^d ® Idgj 2 _,iy{{e^^€ 3 ^) ® Qd{^i~^S 2 ))- By Lemma [2.Ill 
Proposition 3.10. 'Kd^d® Idgd 2 _ay{{e'^^^ 03 ^) ® Qd{ei~^e 2 )) is 
j d!(ei A e 2 Y~^{e 3 a 02 )^ ® ef j + d 

1 d!(e 3 A 62 ^ ® (ef + (d- l)dl ® (eg a ei)'^ 0 j = d 


(15) 


Next, I compute Trd,d^ Idga^-dyiief ^€ 2 ) ®Qd{{ef ^62)"* '^eg-^)))- 

Lemma 3.11. If h € S^V is divisible by el, then 'Kd,d{h,ef~^e 2 ) = 0. 
Lemma 3.12. For any f,ge S'^V, by polarizing ([6]), 


Qdif'-^g) 


{-ly XI 

ii+2i2+"-+di(i=d 


{ii +12 + ■■■ + id - 1)! 




d A d 

*.•? / 1—r 


(Eti n /;y^)-(/L-W-.)-(i 

S=1 “ = 

A ‘'-(‘‘7"’‘‘‘) (n /h-,) ■ (1 »/“-“■* ■*■■'>-‘ 9 )). 

d j=i 


Now I use Lemma [3.121 to compute Qd((ef ^62)'^ ^ • (ef ^ 63 ^)). By lemma 13.111 terms of 
Qd((ef~^e2)'^~^ • (ef ■^63-^ )) whose hrst components are divisible by e\ are killed by (e^“^e2) via 
TTd^d- Therefore, by Lemma 13.121 given ii,---,id with ii + 2i2 + ■■■did - d, we need ff{j > 3\ij > 
1} < 1 so that the corresponding terms will not vanish. There are 2 possibilities, either some 
is = I for some s > 3 or e 0 for all s > 3. More specifically, there are five cases for which 
Qd{{ef~^e 2 )'^~^(ef~^ 63 ^)) may not vanish: 
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(1) is = 1 for some s > 3 and i 2 = 0, ii = d - s; 

(2) is = 1 for some s > 3 and i 2 = 1, ii = d - s - 2; 

(3) is = 0 for all s > 3 and i 2 = 0, ii = d; 

(4) is = 0 for all s > 3 and i 2 = 1, ii = d - 2; 

(5) is = 0 for all s > 3 and i 2 = 2, ii = d - 4. 

I use the symbol e to omit those terms of Qd((ef~^e 2 )^~^ ■ (ef ■^ 63 -^)) whose first components 
are divisible by ef. I use Ii to denote the terms of the first case in e^^)). 

For the first case, is = 1 for some s > 3 and i 2 = 0,ii = d- s, so the coefficient of the terms of the 
first case is 


(-ir(-i) 


il + i 2 +--id 


(ii +12 +-id - 1)! 


ii!---irf! 


= (-ird(-i) 


rf-s-i (d-g)! 

(d-s)! 


= d(-l) 


s-l 


and the corresponding monomial in Qd{f) is 




Since the first component of (ef ^e 2 )s,d-s is divisible by ef, by lemma 13.111 in order that the 
terms will not be killed by (ef“^e 2 ) via T^d,d', should replace (ef“^e 2 ) in the position 

fs,d-s- By Lemma 13.121 


h 


S=3 ^ 

■ [1 ® (et+2r‘] 

s=3 

f(_l)-i[(d _ i)ei 8 + 62 ® efVj- 

s=3 

I j)6i6r‘ ® ■ [1 ® (d"‘ 62 )-‘] 

f (-1)"-H(d - l)(d - s)eiei-^-^ 0 ef + ef" ® 

s=3 

+ U-j)(^^ Jsier' ® ef-J-Vj-"’] [1 8 (ef 62 r‘] 
|;(-l)-‘[p)er*e^ ® ef-’-''*‘er’er* 

s=3 

+id - j)(^ { ® ef 

+(d - l)(d - s)^^jeie 2 "*“^e 3 ® ef 
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Similarly for the other four cases, 

s=3 ^ 


{ei-^e2)2,d-2{et^ey),,d-s • [1 ® (ef 

62 + 62 0 6f"^]‘^"^"^((d - l)ei62 0 ef~‘^) 


s=3 


[(^)e 3 ®ef ^4 + (d - ^ 0 ef ^ • [1 0 ( 6 f ^ 62 )^ 

= E(-l)*(^ - ^ - 1)(^ - l)('^)eief ""^6^ 0 ef ■'^■^6^ef *. 

s=S \s/ 


E {d- 3)[(d - 1)61 0 ef~^e2 + 62 0 6f~^]'^~^[((i - 1)6162 0 6^”^] 

[(2)<!i®ef'er"]-[l®(ef‘e2)=] 

E (d-3)(d- I)^^)eie2“^e3 ® ef 


/4 = -(d - 2 )(ef ^ 62 )f ,|_i(ef ■^e 3 -^)i,rf_i( 6 f ^e 2 ) 2 ,d -2 ■ [1 0 > (ef ^ 62 )] 

-(ef'e2)tl-i(e?-^e3^')2,d-2 • (1 0 (ef' 62 )) - (ef i 62 )ti-i(ef'e 2 ) 2 ,d -2 • [1 0 (ef^63^)] 

E -(d- 2 )[(d- 1)61 0 6f"^62 +62 0 6f“^]'^"^(j63 0 6 f"^e^”^)[(d- 1)6162 0 6 f"^] • [1 0 ( 6 f"^e 2 )] 
-[(d - 1)61 0 ef"^62 + 62 0 e 44 ‘^~^[(d - j)jeies 0 6f"^“^6|"^ + ^^^63 0 63”^6^"^] 

•[1 0 (6f ^62)] - [(d - l)ei 0 et^e2 + 62 0 ef'^'^-^id - 1)6162 0 ■ [1 0 (6^^'63^)] 

E -{d - 2 ){e't^ 0 6^‘^“^^^'^"^^)(j63 0 e[~ 4 {~^){{d - 1)6162 0 6 i“^) • (1 0 (ei"^62)) 

-[ef^ 0 + (d - l)(d - 2 ) 616 ^' 0 ef-^^^\2][{d - j)je^e^ 0 6^ ^-'6^' 

+ Qel 0 6 f^ef 2 ] • [1 0 (ef ^62)] - {et^ 0 6 S''-')(''-'))[(d - 1)6162 0 ' (1 ® [et'es^l 

E [-(d- 2 )(d-l)j-j(d-j)]6i62”^63 0 63 "'^"^626^"^ - je^’^eg 0 63 ■^■‘^'"^626^”^ 

-(d- 2)(d- 1)^^6162”^63 0 63 "■^”'^626^”^ - (d- 1)6162“^ 0 63 "■^"'^6^. 


4 = (ef ^e2)^/i(63 ^63^)1,d_i 

E [(d- 1)61 0 6 f "^62 + 62 0 ef~^)]'^“^[j 63 0 63 “-^ 6 ^“^ + {d - j)ei 0 6^6i] 

E [ 62 ”^ 0 63 ^^ + (d - 1)^6 i”^62 0 63 *^ ^62~^][j63 0 63 ~-^ 6 i~^ + (d - j) 6 l 0 6 ^ 61 ] 

= jei~^e3®el ~42e{~^ + {d - j)eiei~^ ® e[ ~^~'^e{ +j{d - lf‘eiei~‘^e2,® e[ ~^~’^e 24 ~^. 



BRILL’S EQUATIONS AS A GL(I/)-MODULE 


13 


Therefore 




min{j,d—l} 


s=0 

+ E(-i) 

S=1 


d-s-1 s „ (P-d-j s j-s 
° eq®ei -^ene-' 


^3 w 


2^3 


s-llJ\ d-s s„ d^-d-j+1 s-1 j-s 
62 63 0 6 ^ 62 . 


This implies 

Proposition 3.13. 

T^d.d® Idgd‘2-dy{{ei ^e 2 )®( 5 d((ei ^62)'^ ^ ' (si ^63^)) = 


min{j,d-l} 


Z '(-l)*-'p)(l-j)(d-l)KeiAe2)"-^(eiAe3r0ef-"-^e|e^3 


s=0 


d?—d- 


■3 J-s 


+ E(-l)'-'r )s{d - l)!(ei A e2)‘'-^(ei a e 3 )^-'(e 2 a 63) 0 ef 


5 = 1 


d?-d-j+l s-1 j-s 


Proposition I3.1UI and Proposition 13.131 imply: 
Proposition 3.14. 


^((et^e2y ■ (ef-^esn) = ^(ei a e2)''-'(e3 a esF ® (ef 

a +1 


d\ 




d\ 


d?-d-j s j-s 


+ ^ - j)(ei Ae2)"-^(ei Ae3)^ 0e^ 


d\ ^ 


E(-l)*-'r )s(ei A e2)''-*(ei a e 3 )*-'(e 2 a 63) 0 ef-"-^■"'er'e^3 


d + 1 e- 


5 = 1 


d^-d-j+1 5—1 j-s 


3 . 5 . Orthogonal decomposition of 0 5'^ ^V. Let 61 , 62,63 be a basis of V and define 

a Hermitian inner product on V such that 

< 6j, 6j >= dij. 

Extend the Hermitian inner product to naturally by 


< 6*1 ® "■ ® 6 *d 2 +dTii 

One can decompose 1/®^'^ into direct sum of isotypic components as a GL(l/)-module. Since 
the Hermitian inner product is unitary invariant, distinct isotypic components of are 

orthogonal (see e.g. 0 ). 

Consider S(^d,d)V 0 ‘^V = S^{a^V) 0 as a subspace of the decomposi¬ 
tion 0 is an orthogonal decomposition with respect to the 

Hermitian inner product, therefore 

Proposition 3.15. The projection of ^{vj) on *S'(d 2 _j ,1 c S(^d,d)^ ® S'^ not 0 if and 

only if < B(vj),Vj 0, where vj is defined in Lemma 13.81 

Lemma 3.16. Suppose ai + 02 + 03 = d and 61 -(- 62 + ^3 = - d, 




< (61 A 62)“^ (61 A63)“2(e2 Ae3)“3 
^ai!o2!a3! 


61^62^63^, (ei A 62)“^ (ei A 63)“^ (62 A 63)“® 0 63^63^6' 


“3 ^ J>lJ>2b3 


1,^01 !o2!a3! bi\b2lb3\ 


d! (d 2 -d)! 
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Recall by Lemma [3^81 

s=oi=o \s/\t/ 
and by Proposition 13.14l 

mef-^e2)^ • (ef^es^)) = (ei a e2)"-^(e2 a e^y 0 (ef-") 

a +1 

+ E(-l)*('j)(j - l)(ei ^ e2)'^"*(ei A 63)* 0 ef * 

^ e2)'^”^(ei A e3)*”^(e2 a 63) 0 


By Lemma 13.161 

Proposition 3.17. For any fixed j e {0, l,---,d}, 


1 \d 


< B{vj),Vj > 


(-2) 


(d+l)(d2-d). ^^0 
iz.1 ('-7'B2 




U-iV- 


- E 

t=0 


{j'-) {d -t-l)l{d^ -d-j + 1 )! 




< B(vj),Vj >= 0 only when 

( 1 ) j = 0,1 for all d > 2; 

(2) j = 3 and d = 3. 


2 • 2 • 

Proof. The ratio of {d - j)\j\{d^ - d)l and jg —and the ratio of 

(d - j)'.jl(d^ - d)l and is ■ Therefore when d is large enough and 

j > 2, the term (-ly (d - j)lj\{d^ - d)l dominates. For small cases, one can check directly. □ 


Combining all the results above, we prove Theorem 13.41 to prove Theorem ll.il 


Proof of Theorem \d.4\ First, for j = 0 and d > 2, 5(^2 is not in the image of Brill’s map 
because ChdiC"^) = 5"^C^. 

Second, for j = 1 and all d > 2, S^d‘^_i d^i)V is not in the image of Brill’s map. If it were in 
the image of Brill’s map, then IB(ni) = *B(ni 3 ) = Cvi 4- 0 (where ni 3 is defined in the proof of 
Proposition 13.9p . so < B{vi),vi >=< CFi,Fi 0, contradiction. 

Third, when d-3 and j = 3, the module 5(6 3 3 )P is not in the decomposition of S'^{S^V), so 
it is not in the image. 

Finally, for other cases, < B{vj),Vj 0, by Proposition 13.91 and Proposition 13.151 S(^d?_j^d,j)^ 
is in the image of Brill’s map. □ 
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